
1 Multivariate Functions

In general, we talk of multivariate functions f : Rn → Rm. These func-
tions map a n-dimensional input to a m-dimensional output. 1 shows exam-
ples of f : R2 → R. 2 shows an example of f : R→ R2

V (r, h) =
π ∗ r2 ∗ h

3
Volume of a Cylinder

f(x, y) = expx+ y Multivariate Gaussian

f(x, y) =
−3y

x2 + y2 + 1

(1)

For the sake of simplicity, we will focus on f : R2 → R, but the concept
and rules apply to an n-dimensional input space (so called scalar fields).(

x
y

)
=

(
t2

sin(t)

)
(2)

2 Partial Derivative: Definition and Notation

Tangent line
For a function f : R2 → R, the partial derivative with respect to xi is

defined the following way:

Definition.
∂f

∂xi
= lim

h→0

f(x1, x2, ..., xi + h, ...xn)

h
(3)

This is just an extension of the definition of the univariate derivative.
Important: we are just varying xi!. There are a few notations around for
the partial derivative of a function w.r.t. to a variable, below are the most
common ones:

∂f

∂x
,

∂

∂x
f, fx (4)

3 Partial Derivative: How To

In principle, taking the partial derivative of a function f(x, y) w.r.t. to x,
∂f
∂x is very easy, just treat all other variables as constants and to a ’normal’
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one dimensional differentiation. For example:

f(x, y) = x ∗ y + y

∂f

∂x
= y

∂f

∂y
= x+ 1 (5)

(6)

Rule. To find ∂f
∂xi

of f , regard all xj , j 6= i as constants and differentiate f
w.r.t. xi

All the rules (power rule, chain rule, etc. ) that you learned for the
univariate (1-D) case apply here as well. To test and improve your skills,
find all the partial derivatives of the following functions:

f(x, y) = expx ∗ y2

g(x, y, z, t) =
x− y

sin(z − t)
f(u, v) = u ∗ ln(v)

(7)

To check your solution, go to wolframalpha.com. To get ∂f
∂z for f(x, y) =

x ∗ y2, enter d
dz (x ∗ y2) into the search field.

3.1 Higher Order Derivatives

The partial derivatives of a function f of let’s say two variables are them-
selves again functions of two variables, thus one can take the partial deriva-
tives again to get the second order partial derivaties. So for f(x, y) =
sin(x ∗ y), the unmixed second order partial derivatives are:

∂

∂x

∂f

∂x
=
∂2f

∂x2
= −y2 ∗ sin(x ∗ y)

∂

∂y

∂f

∂y
=
∂2f

∂y2
= −x2 ∗ sin(x ∗ y)

(8)

It is also possible to first take the derivative w.r.t. to one variable, and
then the derivative w.r.t. to the other, resulting in the second order mixed
partial derivatives:

∂

∂y

∂f

∂x
=

∂f

∂y∂x
= −y ∗ x ∗ sin(x ∗ y)

∂

∂x

∂f

∂y
=

∂f

∂x∂y
= −x ∗ y ∗ sin(x ∗ y)

(9)
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Note that here the mixed second order partial derivatives are identical. This
is actually generally the case (with few exceptions) and due to the fact that
taking the derivative of a function is a linear operation. The notations
fxx, fxy are also frequently encountered. Higher order partial derivaties
are used in describing extremas (via the Hessian Matrix ). In physics many
important differential equations are based on second order partial deriva-
tives:

∂2u

∂t2
= a2 ∗ ∂

2u

∂x2
(Wave equation)

ut − α ∗ (uxx+ uyy + uzz) = 0 (Heat equation)

(10)

4 Gradient Vector

The gradient vector of a function f : Rn → R: ∇f(x1, ...xn) is definded
the following way:

Definition.

∇f(x1, ...xn) = (
∂f

∂x1
,

∂f

∂x2
, ...,

∂f

∂xn
)T (11)

It is a column vector with all the first order partial derivatives as entries.
For example, for f(x, y) = sin(x ∗ y):

∇f =

(
y ∗ cos(x ∗ y)

x ∗ cos(x ∗ y)

)
(12)

When the ∇f of a function f : Rn → R is evaluated for a specific
point ~p ∈ Rn, following holds true:

• if ∇f(~p) = ~0, then ~p is a critical point of the function (minimun,
maximum, saddle point).

• if ‖∇f‖ > 0, then the gradient vector points into the direction of
greatest increase.
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4.1 Directional derivative

So far when talking about partial derivatives in the 2-D case, we have either
fixed the y, and moved parallel to the x-axis (to get ∂f

∂x , or vice versa to get
∂f
∂y . If we want to take the derivative, i.e. find the slope along an arbitrary
direction ~u, we need to take the directional derivative Duf :

Definition.
Duf = ∇f ∗ ~u (13)

So to get Duf , all we have to do is take the dot product between ∇f and
~u. Note that ~u is usually scaled such that‖~u‖ = 1. As an excercise, show
that Duf(x, y) = ∂f

∂x for ~u =
(
1
0

)
and Duf(x, y) = ∂f

∂y for ~u =
(
0
1

)
. With

the concept of directional derivative we can easily proove that the gradient
vector always points in the direction of greatest increase: For a given point
~p, the goal is to find the direction ~u (with ‖~u‖ = 1) for which Duf becomes
maximal.

Proof. From the definition of the dot product:

Duf = ∇f ∗ ~u = ‖∇f‖ ∗ ‖~u‖ ∗ cos(φ) (14)
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where φ is the angle between the ~u and ∇f . Since for a given ~p, ∇f is
constant and we set ‖~u‖ = 1, it comes down to finding the angle φ for which
14 becomes maximal:

arg max
φ

‖∇f‖ ∗ ‖~u‖ ∗ cos(φ) = 0 (15)

So the directional derivative is maximal when it is parallel to the gradient.

With the same reasoning, one can show that −∇f actually points in the
direction of strongest decrease and that the contour line of a function always
runs with an angle of π

2 relative to the gradient.

4.2 Usage of the Gradient

The gradient can be used to find critical points such as minima or maxima
of a function, but often it is very expensive or even impossible to find points
for which the gradient becomes zero, even if one knowns that there have to
be critical points. Thus often numerical optimization procedures are used to
find the maximum (gradient ascent) or minimum (gradient descent). Beware
though that in this way you can only find local maxima and minima, unless
your function is concave (only 1 local maximum which is at the same time
the global maximum) or convex (only 1 local minimum).
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